Abstract. The superalgebraK ′ (4) and the exceptional N = 6 superconformal algebra have "small" irreducible representations in
Introduction
This work is a continuation of [20, 21] .
Recall that a superconformal algebra is a simple complex Lie superalgebra spanned by the coefficients of a finite family of pairwise local fields a(z) = n∈Z a (n) z −n−1 , one of which is the Virasoro field L(z) [3, [9] [10] [11] . Superconformal algebras play an important rôle in the string theory and conformal field theory. They can also be described in terms of derivations of the associative superalgebra C[t, t −1 ] ⊗ Λ(N ), where Λ(N ) is the Grassmann algebra in N variables. The Lie superalgebra K(N ) of contact vector fields with Laurent polynomials as coefficients is spanned by 2 N fields [3, 6, 7, 10] . It is also known as the SO(N ) superconformal algebra [1] . K(N ) is simple if N = 4, if N = 4, then the derived Lie superalgebra K ′ (4) is simple. The nontrivial central extensions of K(1), K(2), and K ′ (4) are well-known: they are isomorphic to the Neveu-Schwarz superalgebra, the "N = 2" superconformal algebra, and the "big N = 4" superconformal algebra [1] . K(6) contains the exceptional N = 6 superconformal algebra, also denoted by CK 6 , as a subsuperalgebra. Note that CK 6 is "one half" of K(6): it is spanned by 32 fields [3, 4, 6, 12, 15, [22] [23] [24] .
In [16, 17] Martinez and Zelmanov obtained CK 6 as a particular case of their construction of superalgebras CK(R, d), where R is an associative commutative superalgebra with an even derivation d.
Our approach is based on the realization of K(2N ) in terms of pseudodifferential symbols on the circle extended by N odd variables. It is well-known that a Lie algebra of contact vector fields can be realized as a subalgebra of Poisson algebra [2] . Analogously, K(2N ) can be embedded into the Poisson superalgebra P (2N ) of pseudodifferential symbols on the supercircle S 1|N [20, 21] . There exists a family P h (2N ) of Lie superalgebras of pseudodifferential symbols on S 1|N , which contracts to P (2N ). There is no embedding of
It is remarkable that a nontrivial central extensionK ′ (4) of K ′ (4) and CK 6 can be embedded into P h (2N ), where N = 2 and 3, respectively [20, 21] .
Associated to these embeddings, there are "small" irreducible representations ofK ′ (4) and CK 6 in the su-
, where (∂/∂t) −1 acts as an antiderivative. This requires that µ ∈ C\Z. Nevertheless, the representations ofK ′ (4) and CK 6 in V µ can be defined if µ = 0. In this work we describe these superalgebras in terms of matrices over the Weyl algebra W = i≥0 Ad i , where A = C[t, t −1 ] and d = t∂/∂t (Theorems 1 and 2). This gives realizations of the representations in V µ for µ = 0.
Contact and Poisson superalgebras
A superconformal algebra is a complex Lie superalgebra g such that (1) g is simple, (2) g contains the centerless Virasoro algebra der C[t,
as a subalgebra, (3) adL 0 is diagonalizable with finite-dimensional eigenspaces:
so that dimg i < C, where C is a constant independent of i [7] .
Let Λ(2N ) be the Grassmann algebra in 2N variables ξ 1 , . . . , ξ N , η 1 , . . . , η N , and let
be the associative superalgebra with natural multiplication and with the following parity of generators:
Let W (2N ) be the Lie superalgebra of all derivations of Λ (1, 2N ) . By definition, [3-7, 10, 22-24] . There is a one-to-one correspondence between the differential operators D ∈ K(2N ) and the functions f ∈ Λ(1, 2N ). Let ∂ t , ∂ ξi and ∂ ηi stand for ∂/∂t, ∂/∂ξ i and ∂/∂η i , respectively. The correspondence f ↔ D f is given by
The Poisson algebra P of pseudodifferential symbols on the circle is formed by the formal series
where a i (t) ∈ C[t, t −1 ], and the even variable τ corresponds to ∂ t . The Poisson bracket is defined as follows:
An associative algebra P h , where h ∈ (0, 1] is a deformation of P . The multiplication in P h is given as follows:
The Lie algebra structure on the vector space P h is given by
see [13, 14, 18, 19] . The Poisson superalgebra of pseudodifferential symbols on S 1|N is P (2N ) = P ⊗ Λ(2N ). The Poisson bracket is defined as follows:
Let Λ h (2N ) be an associative superalgebra with generators ξ 1 , . . . , ξ N , η 1 , . . . , η N and relations
be a superalgebra with the product given by
where
and (3) is satisfied. P h (2N ) is the Lie superalgebra of pseudodifferential symbols on S 1|N . There exist embeddings ofK ′ (4) and CK 6 into P h (2N ), where N = 2 and N = 3, respectively [20, 21] .
The derived superalgebra
is a simple ideal in K(4) of codimension one, defined from the exact sequence
The superalgebra K ′ (4) is spanned inside P (4) by the 12 fields:
where i, j = 1, 2, and 4 fields
Note that L n is a Virasoro field [20, 21] . LetK ′ (4) be one of three independent central extensions of K ′ (4), such that the corresponding 2-cocycle is
The superalgebraK ′ (4) ⊂ P h (4) is spanned by the 12 fields (4)-(5) and 4 fields:
and the central element h ∈ P h (4), so that
, where µ ∈ C\Z. We fix h = 1, and define a representation ofK ′ (4) in V µ accordingly to the formulas (4)- (8) . Namely, ξ i is the operator of multiplication in Λ(ξ 1 , ξ 2 ), η i is identified with ∂ ξi , τ −1 is identified with an antiderivative, and the central element 1 ∈ P h=1 (4) acts by the identity operator. Consider the following basis in V µ :
Explicitly, the action ofK ′ (4) on V µ is given as follows:
is defined by the element L 0 = tτ of the Virasoro algebra according to (2) . We have that
and g 0 ∼ =ŝl(2|2), where the central element is L 0 . Note thatŝl(2|2) has the following one-parameter family spin λ of (2|2)-dimensional irreducible representations:
where A, B, C, D ∈ gl(2, C), trA = trD, λ ∈ C. Let E ij be an elementary 2 × 2-matrix.C is determined by the following conditions:
According to (9) , there is a representation of g 0 in V µ m for each m ∈ Z, and V µ m ∼ = spin λ=m+µ as g 0 -modules. 
Note that if
is well-defined. To obtain a realization of this representation, at first we will describeK ′ (4) in terms of matrices over a Weyl algebra. By definition, a Weyl algebra is
where A is an associative commutative algebra and d : A → A is a derivation of A with the relations
Replacing λ by d in the formulas for spin λ , we obtain the following theorem. 2)K ′ (4) is a subsuperalgebra of 4 × 4 matrices over W generated byŝl(2|2) and by all matrices
where a ∈ A and 1 ≤ i = j ≤ 2.
3) The standard representation ofK ′ (4), realized as matrices over W , in (2|2)-dimensional vector superspace over A is isomorphic to the above-mentioned representation in the superspace V in the case when µ = 0, see (11) .
Case CK 6
The exceptional superconformal algebra CK 6 is spanned by the following 32 fields inside K(6) ⊂ P (6):
where n ∈ Z, and (i, j, k) is the cycle (1, 2, 3 ) in the formulas forG i n , T i n , S i n ,S i n , and I i n , see [21] . Note that L n is a Virasoro field.
CK 6 is spanned inside P h (6) by the 8 fields: L n , G i n , I n , and J ij n , and the following 24 fields:
where n ∈ Z, and (i, j, k) is the cycle (1, 2, 3). We have that lim h→0 CK 6 = CK 6 ⊂ P (6), see [21] .
, where µ ∈ C\Z, and Π denotes the change of parity. We fix h = 1, and define a representation of CK 6 in V µ according to the formulas (14) . Consider the following basis in V µ :
where m ∈ Z and (i, j, k) is the cycle (1, 2, 3) in the formulas forv i m (µ). Explicitly, the action of CK 6 on V µ is given as follows:
where (i, j, k) is the cycle (1, 2, 3 ), see [21] .
We have that ξ 1 , ξ 2 , ξ 3 ) ). A Z-grading in CK 6 is defined by the element L 0 = tτ of the Virasoro algebra according to (2) , so that (9) holds. Note that g 0 ∼ =P(4), where the central element is L 0 and P(4) is a simple Lie superalgebra defined as follows. LetP(4) be the Lie superalgebra, which preserves the odd nondegenerate supersymmetric bilinear form antidiag(1 4 , 1 4 ) on the (4|4)-dimensional complex superspace. Thus
P(4) is a subsuperalgebra ofP(4) such that A ∈ sl(4, C), see [8] .P(4) is a nontrivial central extension of P(4). It is known thatP(4) has a family spin λ of (4|4)-dimensional irreducible representations:
where λ ∈ C, 1 4|4 is the identity matrix, andC is determined by the following condition:
cf. [6] and [22] [23] [24] . According to (9) , there is a representation of g 0 in V is well-defined. To obtain a realization of this representation, we will use the Weyl algebra W defined in (12) and (13) . Replacing λ by d in the formulas for spin λ , we obtain the following theorem, cf. [17] . 2) CK 6 is a subsuperalgebra of 8 × 8 matrices over W generated byP (4) and by all matrices
, where a ∈ A and 1 ≤ i = j ≤ 4.
3) The standard representation of CK 6 , realized as matrices over W , in (4|4)-dimensional vector superspace over A is isomorphic to the above-mentioned representation in the superspace V in the case when µ = 0, see (16) .
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